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Control for complex systems is hard Caltech
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But: Pretty when it works... Caltech

[1] R. Grandia, A. J. Taylor, M. Hutter, A. D. Ames, “Multi-
Layered Safety for Legged Robotics via Control Barrier Functions
and Model Predictive Control”, 2020.
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Claim: Need to build constructive design tools Caltech

X*fo( ) + 80(x)€

\ = f1(x,€) + g1(x,§)u

Bridge the
Gap

_‘

k(x) = argmin |ju — knom(x)H%
u e R”

s.t. h(x,u) > —a(h(x))

Theorems & Proofs Experimental Realization
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Contributions

* Framework for achieving safety of higher-order systems by
unifying classical Lyapunov backstepping with Control
Barrier Functions

* Constructive tool for synthesizing Control Barrier Functions
for higher-order systems

* Design of stable and safe nonlinear controllers through joint
Lyapunov and Barrier backstepping
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System Dynamics

Equations of Motion

x = f(x) + g(x)u
xeR?" ueR™
f:R" - R" g:R"— RWXM

Mathematical Model

System Model
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System Dynamics

Equations of Motion

x = f(x) + g(x)u
xeR?" ueR™
f:R" - R" g:R"— RWXM

Assumptions

f, g locally Lipschitz continuous
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System Dynamics

Equations of Motion

x = f(x) + g(x)u
xeR?" ueR™
f:R" - R" g:R"— RWXM

Assumptions

f, g locally Lipschitz continuous

Closed-Loop Solutions &y

k(x):R" - R™
XOERn cp:Rzo—HR”
p(t) =1(p(t) + gle(t) k(e(t))
©(0) = xq

System Model

Mathematical Model
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Barrier Functions (BFs)

Safe Set

h:R" — R
C={xeR"|h(x)>0}
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Barrier Functions (BFs)

Safe Set

h:R" — R
C={xeR"|h(x)>0}

Barrier Function 2!

h(x,k(x)) > —a(h(x)) for all x € R"=

oh Oh
ﬁ_x(x)f(x), + a—x(x)g(xz u

I .

L¢h(x) Lgh(x)
a € K

h(x,u) =

[2] A. Ames, X. Xu, J. Grizzle, P. Tabuada, “Control Barrier Function
Based Quadratic Programs for Safety Critical Systems”, 2017.
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Barrier Functions (BFs)

Safe Set

h:R" — R
C={xeR"|h(x)>0}

Barrier Function 2!

h(x,k(x)) > —a(h(x)) for all x € R"=

oh oh
() + - (x)g(x)

vy

h(x,u) =

vy

I .

L¢h(x) Lgh(x)
a € K,

Safety [

h(x,k(x)) > —a(h(x)) for all x € R"

— ( is forward invariant

[2] A. Ames, X. Xu, J. Grizzle, P. Tabuada, "“Control Barrier Function
Based Quadratic Programs for Safety Critical Systems”, 2017.
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Control Barrier Functions (CBFs)

Control Barrier Function 2!

sup h(x, u) > —a(h(x)) for all x € R”

ueR”

[2] A. Ames, X. Xu, J. Grizzle, P. Tabuada, "“Control Barrier Function
Based Quadratic Programs for Safety Critical Systems”, 2017. Andrew J. Tay|0r 8



Control Barrier Functions (CBFs)

Control Barrier Function 2!

sup h(x, u) > —a(h(x)) for all x € R”

ueR”

CBF Quadratic Program 2!

k(x) = argmin |[|[u — knom(x)H%
u e R"”

st. h(x,u) > —a(h(x))

[2] A. Ames, X. Xu, J. Grizzle, P. Tabuada, "“Control Barrier Function
Based Quadratic Programs for Safety Critical Systems”, 2017. Andrew J. Tay|0r 8



Control Barrier Functions (CBFs)

Control Barrier Function 2!

sup h(x, u) > —a(h(x)) for all x € R”

ueR”

CBF Quadratic Program 2!

k(x) = argmin |[|[u — knom(x)H%
uecR"

st. h(x,u) > —a(h(x))

How do we work with higher-order systems?

[2] A. Ames, X. Xu, J. Grizzle, P. Tabuada, "“Control Barrier Function
Based Quadratic Programs for Safety Critical Systems”, 2017. Andrew J. Tay|0r 8



Cascaded Systems

Single Cascade System

x = fj(x) + go(x)€
£ =fi(x.€) +gi(x,§)u
x € R" EeRP uc R™
fy : R — R" gy : R — R"*P
fi . R" x RP — RP g1 :R" x RP — RP*™
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Cascaded Systems

Single Cascade System

x = fy(x) + go(x)&
¢ =fi(x.€) +gi(x &u
x € R" EeRP uc R™
fy : R" — R" go : R" — R"*P
fi i R" x RP - RP g :R" x RP — RP*™

Assumptions

fy, g0, f1, g1 locally Lipschitz continuous

g1(x, &) pseudo-invertible
for each (x,€) € R" x RP

",9
~
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Cascaded Systems

Top-Level Safe Set

Co={x € R" | ho(x) = 0}

ho : R" — R, twice continuously differentiable

Single Cascade System

x = fy(x) + go(x)&
¢ =fi(x.€) +gi(x &u
x € R" EeRP uc R™
fy : R" — R" go : R" — R"*P
fi i R" x RP - RP g :R" x RP — RP*™

Assumptions

fy, g0, f1, g1 locally Lipschitz continuous

g1(x, &) pseudo-invertible
for each (x,€) € R" x RP

v/
/9
N X
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Cascaded Systems

Top-Level Safe Set

Co = {x € R" | ho(x) = 0}

ho : R" — R, twice continuously differentiable

Single Cascade System

x = fy(x) + go(x)€ ‘
g — fl(xa g) + gl(xa g)u
x € R" EcRP ueR™ Barrier Derivative
fy : R - R"” go : R" — R"*P
fi:R" x RP - RP g):R" x RP — RPX"™ ho(x, €) = %(X) (fo(x) + go(x)€)
Assumptions

fy, g0, f1, g1 locally Lipschitz continuous

g1(x, &) pseudo-invertible
for each (x,€) € R" x RP
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Cascaded Systems Caltech

Top-Level Safe Set

_ n
Single Cascade System Co={x € R" | ho(x) > 0}
ho : R" — R, twice continuously differentiable
x = fj(x) + go(x)€ J‘
5 — fl(X, 6) + gl(Xa E)u
x € R" EERP ueR™ Barrier Derivative
fy : R" — R" gy R — R"*P
fi :R" x RP - RP gp: R" x RP — RPX"™ ho(x. €) = D0 (x) (fy(x) + go(x)€)
Assumptions J‘
fo. 80, f1, &1 locally Lipschitz continuous Relative Degree Two
g1(x, &) pseudo-invertible
for each (x,&) € R" x RY No control to ensure hg(x, &) > —ag(ho(x))
ap € K5, continuously differentiable

>
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Barrier Functions

High-Order Control Barrier Functions

[3] Q. Nguyen, K. Sreenath, “Exponential Control
Barrier Functions for Enforcing High Relative-Degree
Safety-Critical Constraints”, 2016.

[4] W. Xiao, C. Belta, “Control Barrier Functions for
Systems with High Relative Degree”, 2021.

[5] W. Xiao, C. Belta,
Functions”, 2021.

[6] J. Breeden, D. Panagou,

“High Order Control Barrier

“High Relative Degree

Control Barrier Functions Under Input Constraints”,
2021.

29
~
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High-Order Control

High-Order Control Barrier Functions

[3] Q. Nguyen, K. Sreenath, “Exponential Control
Barrier Functions for Enforcing High Relative-Degree
Safety-Critical Constraints”, 2016.

[4] W. Xiao, C. Belta, “Control Barrier Functions for
Systems with High Relative Degree”, 2021.

[5] W. Xiao, C. Belta, “High Order Control Barrier
Functions”, 2021.

[6] J. Breeden, D. Panagou, “High Relative Degree
Control Barrier Functions Under Input Constraints”,
2021.

Extended Barrier

hi(x, &) = ho(x, &) + ap(ho(x))
C1={(x,&) e R" xRV | hy(x,§) > 0}

v/
19
N >
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High-Order Control

High-Order Control Barrier Functions

[3] Q. Nguyen, K. Sreenath, “Exponential Control
Barrier Functions for Enforcing High Relative-Degree
Safety-Critical Constraints”, 2016.

[4] W. Xiao, C. Belta, “Control Barrier Functions for
Systems with High Relative Degree”, 2021.

[5] W. Xiao, C. Belta, “High Order Control Barrier
Functions”, 2021.

[6] J. Breeden, D. Panagou, “High Relative Degree
Control Barrier Functions Under Input Constraints”,
2021.

Extended Barrier

hi(x, &) = ho(x, &) + ap(ho(x))
C1={(x,&) e R" xRV | hy(x,§) > 0}
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High-Order Control

High-Order Control Barrier Functions

[3] Q. Nguyen, K. Sreenath, “Exponential Control
Barrier Functions for Enforcing High Relative-Degree
Safety-Critical Constraints”, 2016.

[4] W. Xiao, C. Belta, “Control Barrier Functions for
Systems with High Relative Degree”, 2021.

[5] W. Xiao, C. Belta, “High Order Control Barrier
Functions”, 2021.

[6] J. Breeden, D. Panagou, “High Relative Degree
Control Barrier Functions Under Input Constraints”,
2021.

Extended Barrier

hi(x, &) = ho(x, &) + ap(ho(x))
C1={(x,&) e R" xRV | hy(x,§) > 0}

2

v/
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High-Order Control Barrier Functions

Caltech

High-Order Control Barrier Functions

Barrier Time Derivative

[3] Q. Nguyen, K. Sreenath, “Exponential Control
Barrier Functions for Enforcing High Relative-Degree

Safety-Critical Constraints”, 2016.
[4] W. Xiao, C. Belta, “Control Barrier Functions for

Systems with High Relative Degree”, 2021.
[5] W. Xiao, C. Belta, “High Order Control Barrier

Functions”, 2021.
[6] J. Breeden, D. Panagou, “High Relative Degree

Control Barrier Functions Under Input Constraints”,
2021.

Extended Barrier

hi(x, &) = ho(x, &) + ag(ho(x))
Cl - {(Xa 5) e R" x RP | hl(xv 5) > 0}

)

(x, & u) = P(x, €) (Fy(x) + go(x)€)

T (x, ) (f1(x, €) + g1(x, E))

Andrew J. Taylor
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High-Order Control

High-Order Control Barrier Functions Barrier Time Derivative

[3] Q. Nguyen, K. Sreenath, “Exponential Control

Barrier Functions for Enforcing High Relative-Degree
Safety-Critical Constraints”, 2016.

[4] W. Xiao, C. Belta, “Control Barrier Functions for
Systems with High Relative Degree”, 2021.
[5] W. Xiao, C. Belta,

“High Order Control Barrier
Functions”, 2021.

[6] J. Breeden, D. Panagou, “High Relative Degree

Control Barrier Functions Under Input Constraints”,
2021.

Extended Barrier

hi(x, &) = ho(x, &) + ap(ho(x))
C1={(x,&) e R" xRV | hy(x,§) > 0}

2
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High-Order Control Barrier Functions

Caltech

High-Order Control Barrier Functions

Barrier Time Derivative

[3] Q. Nguyen, K. Sreenath, “Exponential Control
Barrier Functions for Enforcing High Relative-Degree

Safety-Critical Constraints”, 2016.
[4] W. Xiao, C. Belta, “Control Barrier Functions for

Systems with High Relative Degree”, 2021.
[5] W. Xiao, C. Belta, “High Order Control Barrier

Functions”, 2021.
[6] J. Breeden, D. Panagou, “High Relative Degree

Control Barrier Functions Under Input Constraints”,
2021.

Extended Barrier

hi(x, &) = ho(x, &) + ag(ho(x))
Cl - {(Xa 5) e R" x RP | hl(xv 5) > 0}

(x, & u) = P(x, €) (Fy(x) + go(x)€)
I(Xa E)ll)

%_

oh,
I3

(Xa £) (fl(xa ‘E) +

Controlled Safety

hl (Xa 67 k(X, 5)) > —Ofl(hl(X, 5))

—> (; forward invariant
—> (Cy x RP) N C; forward invariant
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High-Order Control Barrier Functions

Caltech

High-Order Control Barrier Functions

Barrier Time Derivative

[3] Q. Nguyen, K. Sreenath, “Exponential Control
Barrier Functions for Enforcing High Relative-Degree

Safety-Critical Constraints”, 2016.
[4] W. Xiao, C. Belta, “Control Barrier Functions for

Systems with High Relative Degree”, 2021.
[5] W. Xiao, C. Belta, “High Order Control Barrier

Functions”, 2021.
[6] J. Breeden, D. Panagou, “High Relative Degree

Control Barrier Functions Under Input Constraints”,
2021.

Extended Barrier

hi(x, &) = ho(x, &) + ag(ho(x))

Cr={(x,§) e R" xRV | hy(x,§) = 0}
9
Cy
) Co 7

(x, & u) = P(x, €) (Fy(x) + go(x)€)
I(Xa E)ll)

%_

oy
e

(Xa £) (fl(xa ‘E) +

Controlled Safety

hl (Xa 67 k(X, 5)) > _al(hl(xa 5))

—> (; forward invariant
—> (Cy x RP) N C; forward invariant

Optimization-Based Control

k(x, &) = argmin ||u — kpom(x, €)||

ucR”

st. hy(x,€,u) > —ay(hi(x, £))

2
2
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High-Order Control

Control Barrier Function Condition

sup hi(x, €,u) > —aq(hi(x, §))

ueR”

K
11
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High-Order Control

Control Barrier Function Condition
— Is this satisfied?

sup hi(x, €,u) > —aq(hi(x, §))

ueR”

K
11
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High-Order Control

Control Barrier Function Condition
— Is this satisfied?

sup hi(x,€,u) > —a1(hy(x, §))

ueR”

Relative Degree Assumption

9 (x, £)g1(x,€) £ 0 for all (x,€) € B x Y

’/’
Qj g
11
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High-Order Control

Control Barrier Function Condition
— Is this satisfied?
sup hi(x,&,u) > —ai(hi(x,§))
ueR”
Relative Degree Assumption
Not true in many
C— . ”
oh Iinteresting cases

a_gl(xa £)g1(x,&) # 0 for all (x,€) € R" x RP

s

~

=

\'~"._
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High-Order Control Barrier Functions Caltech

Control Barrier Function Condition
— Is this satisfied?

sup hi(x, €, u) > —ay(hi(x,§))

u e RH’.’-

Relative Degree Assumption
Not true in many

interesting cases

D (x,€)gi(x,€) £ 0 for all (x,£) € R" x R

Alternative CBF Condition

O (x, £)ga(x, €) = 0 = P(x, €) (flx) + go(x)€)
+ 0 (x, )1 (x,€) > —a(hy(x,€))

Andrew J. Taylor 11



High-Order Control Barrier Functions Caltech

Control Barrier Function Condition
— Is this satisfied?

sup hi(x, €, u) > —ay(hi(x,§))

u e RH’.’-

Relative Degree Assumption
Not true in many

interesting cases

D (x,€)gi(x,€) £ 0 for all (x,£) € R" x R

Alternative CBF Condition
Difficult to check in

general

O (x, £)ga(x, €) = 0 = P(x, €) (flx) + go(x)€)
+98(x, Ofi(x,€) > —a1(hi(x,£)

Andrew J. Taylor 11



High-Order Control Barrier Functions

Can we do somefhing CalteCh

more constructive?

Control Barrier Function Condition

a

sup hi(x, €, u) > —ay(hi(x,§))

Is this satisfied?

u e RH’.’-

Relative Degree Assumption

Not true in many

a

T (x,£)g1(x,€) # 0 for all (x,€) € R" x R

interesting cases

Alternative CBF Condition

Difficult to check in

Te(x.6)81(x,6) =0 = GL(x, &) (fy(x) + go(x)¢)
8hl(X Efi(x,€) > —ai(hi(x,§))

a

general

Andrew J. Taylor
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Reduced-Order m

Reduced-Order Controller!”]

. ko R" — RP
ho(x, ko(x)) > —ap(h(x))

4

r/
< -
[7] T. Molnar, R. Cosner, A. Singletary, W. Ubellacker, A. Ames, “Model-Free Safety- ™,
Critical Control for Robotic Systems”, 2022. Andrew J. Taylor ‘12



Reduced-Order Model Design

Reduced-Order Controller!”]

. ko R" — RP
ho(x, ko(x)) > —ap(h(x))

Full-Order Controller!”!

kltRnXRp—)Rm V:RnXRp%REO
c1]|€ — ko(x)[|3 < V(x.€) < cof|€ — ko(x)|3
V(x, & ki(x,€) < —c3V(x,€)

4

r/
< -
[7] T. Molnar, R. Cosner, A. Singletary, W. Ubellacker, A. Ames, “Model-Free Safety- )
Critical Control for Robotic Systems”, 2022. Andrew J. Taylor 12



Reduced-Order Model Design

' ko R" — RP
ho(x, ko(x)) = —ap(h(x))

Reduced-Order Controller” ————

Composite Barrier Function!”!

——

hi(x,€) = ho(x) — AV (x,§)
A€E Ry

Full-Order Controller!”!

kltRnXRp—)Rm V:Ranp—)REO
c1]l€ —ko(x)[5 < V(x,€) < eall€ — ko(x)][3
V(Xa 67 kl(X, 6)) < _C3V(Xa 5)

[7] T. Molnar, R. Cosner, A. Singletary, W. Ubellacker, A. Ames,
Critical Control for Robotic Systems”, 2022.

“Model-Free Safety-

~

Andrew J. Taylor ‘
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Reduced-Order Model Design Caltech

Reduced-Order Controller”l Composite Barrier Function!”!
s 4l
kO - R" — RP hl (Xa 5) - hO(X) o )\V(X: 5)
ho(x, ko(x)) = —ag(h(x)) X € Ry
Full-Order Controller!”! —_— i‘
ki :R"xRP - R™ V:R" x R? — Rx Safetyl”!
e[| = ko(x)[5 < V(x,8) < o€ — ko(x)]J5 hi(x, € ki(x, €)) > —arhy(x, €)
V(x, & ki(x, ) < —e3V(x,€) — h(px(t), elt) > 0

— hO(QOX(t)) > V(‘Px(t)a‘tog(t)) >0

[7] T. Molnar, R. Cosner, A. Singletary, W. Ubellacker, A. Ames, “Model-Free Safety-
Critical Control for Robotic Systems”, 2022. Andrew J. Tay|0r ‘12



Reduced-Order Model Design Caltech

Reduced-Order Controller”l Composite Barrier Function!”!
L d
kO - R" — RP hl (Xa 5) - hO(X) o )\V(Xa 5)
ho(x, ko(x)) = —ag(h(x)) X € Ry
Full-Order Controller!”! — g
ki :R"xRP - R™ V:R" x R? — Rx Safetyl”!
e[| = ko(x)[5 < V(x,8) < o€ — ko(x)]J5 hi(x, € ki(x, €)) > —arhy(x, €)
V(x, & ki(x,€)) < —c3V(x,€) = hi(px(t), pe(t)) >0

— hO(QOX(t)) > V(‘Px(t)a‘tog(t)) >0

How do we do this?

[7] T. Molnar, R. Cosner, A. Singletary, W. Ubellacker, A. Ames, “Model-Free Safety-
Critical Control for Robotic Systems”, 2022. Andrew J. Tay|0r 12



Reduced-Order Model Design Caltech

Reduced-Order Controller”l Composite Barrier Function!”!
L d
kO - R" — RP hl (Xa 5) - hO(X) o )\V(Xa 5)
ho(x, ko(x)) = —ag(h(x)) X € Ry
Full-Order Controller!”! — g
ki :R"xRP - R™ V:R" x R? — Rx Safetyl”!
e[| = ko(x)[5 < V(x,8) < o€ — ko(x)]J5 hi(x, € ki(x, €)) > —arhy(x, €)
V(x, & ki(x,€)) < —c3V(x,€) = hi(px(t), pe(t)) >0

— hO(QOX(t)) > V(‘Px(t)a‘tog(t)) >0

Does this look like

a?
How do we do this? ek R

[7] T. Molnar, R. Cosner, A. Singletary, W. Ubellacker, A. Ames, “Model-Free Safety-
Critical Control for Robotic Systems”, 2022. Andrew J. Tay|0r 12



Lyapunov Backstepping

Equilibrium Point

f,(0)=0 £(0,0)=0

s

/

<

LY
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W Backstepping

Equilibrium Point

f,(0)=0 £(0,0)=0

Top-Level Design

ki : R" — RP, twice continuously differentiable
Vo i R" — R>(, twice continuously differentiable

(Xl < Vox) < ()
(%) (fy(x) + go(x)ko(x)) < —y3(]|x])
ko(0) =0 71,772,713 € Ko

4

K
13

Andrew J. Taylor



W Backstepping

Equilibrium Point

f,(0)=0 £(0,0)=0

Top-Level Design

ko R" — R, twice continuously differentiable

Vo i R" — R>(, twice continuously differentiable
() < Vo(x) < ()
T (3) (folx) + go(x)ko(x)) < —5(x])
ko(0) =0 71,772,713 € Kso

Composite Lyapunov Function

V(x. &) = Vo(x) + 7;(€ — ko(x)) T (€ — ko(x))
pe Ry 4\5‘3

Andrew J. Taylor




Lyapunov Backstepping

Caltech

Equilibrium Point

£,(0)=0 £1(0,0) =0

Structured Low-Level Controller

Top-Level Design

ko : R"™ — RP, twice continuously differentiable

Vo i R" — R>(, twice continuously differentiable

(X)) < Volx) < ya(lx])
90 (x) (£9(x) + go(x)ko(x)) < —y3(]Ix]))
ko(0) =0 71,772,713 € Koo

Composite Lyapunov Function

V(x,§) = Vo(x) + 3;(€ — ko(x)) ' (€ — ko(x))
pe Ry

k(x, §)

= 81, (—11(x,€) + L) Rl
e

)+ g8
o))" - 3~ )

u((

A€R>0

Andrew J. Taylor 13



Lyapunov Backstepping Caltech

Equilibrium Point — Structured Low-Level Controller
f,(0)=0 £(0,0)=0 k(x,&) = gi(x, )T ( 1(x,8) + 3—0( )go(x) + g0(x)§)
i (Poomie0) " - He - kx) )
Top-Level Design A € R
ko : R"™ — RP, twice continuously differentiable g
Vo i R" — R>(, twice continuously differentiable ey | DE

7(lxl) < Vo(x) < 7a(llx])) .
D) (fy(x) + go(x)ko(x)) < —3([Ix]) Vi(x, & k(x.€)) < —y(llx[l) — (11§ — ko(x)]])
ko(0) =0 71,772,713 € Koo

Composite Lyapunov Function —

V(x,§) = Vo(x) + 3;(€ — ko(x)) ' (€ — ko(x))

peRog :
Andrew J. Taylor 13



Lyapunov Backstepping Caltech

PesTsret Bh — Structured Low-Level Controller
ok
£(0)=0 £1(0,0) =0 k(x, &) = gi(x, &) (—f1(X, §) + a—ﬁ(x)gfo(x) + 80(x)§)
Vi
i (Poomie0) " - He - kx) )
Top-Level Design A ERg
ko : R"™ — RP, twice continuously differentiable g
Vo i R" — R>(, twice continuously differentiable [yapunovDecay
. 7)) < Vo(x) < va(l[x]]) .
T (x) (fo(x) + go(x)ko(x)) < —3([[x]]) V(x, & k(x, &) < —(lIx]) — %1€ — ko(x)[])
Composite Lyapunov Function — Asymptotic Stability
V(x, €) = Vo) + 25 (€ — ko(x)) T (€ — ko (x)) #xll) =0 as £ —> o0

e Ry pe(t) —ko(px(t)) =0

Andrew J. Taylor 13



W Backstepping

Lyapunov Decay

V(x, & k(x, &) < —ys(lx]) —25(1€ — ko))

TN

/

<

\
Andrew J. Taylor 14



Lyapunov Backstepping

Lyapunov Decay _ Strict Lyapunov Condition

V(x, & k(x, &) < —ys(lx]) —25(1€ — ko)) V(x, € k(x,€)) < —evs(l|x]) — 5 (/1€ — ko(x)|))
ce (0,1)

0\ o

<

\‘\d
Andrew J. Taylor 14



Lyapunov Backstepping

Lyapunov Decay — Strict Lyapunov Condition

V(x, & k(x, &) < —ys(lx]) —25(1€ — ko)) V(x, € k(x,€)) < —evs(l|x]) — 5 (/1€ — ko(x)|))
ce (0,1)

d

Control Lyapunov Function

inf V(X,E, u) < —ey(]x]) — C’Yé(”g — ko(x)||)

uecR”

%
{:
‘\\ \-__.‘,‘

14
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Lyapunov Backstepping

Lyapunov Decay _ Strict Lyapunov Condition

V(x, € k(x.€) < —ya(llx[l) = 25(l1€ = ko(x)] V(x, & k(x,€)) < —e(x]) — (1€ = ko))
ce (0,1)
Optimization-Based Control - Control Lyapunov Function
ko, ) = argunin ull inf V7 (x, £, w) < —ey3(|x])) = e5(11€ = ko(x) )
st V(x,€u) < —evs([x]]) — (1€ — ko))

LY
Andrew J. Taylor 14



Barrier Backstepping

Top-Level Safe Set

Reduced-Order Controller

Co = {x € R" | ho(x) > 0}

kg : R" — RP
ho(x, ko(x)) > —ag(h(x))
o globally Lipschitz

<

Andrew J. Taylor

g

4
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Barrier Backstepping

Top-Level Safe Set Reduced-Order Controller

Cp={x e R" | hy(x) > 0} _ ko :R" — RP
ho(x, ko(x)) > —ag(h(x))

\ aq globally Lipschitz

Composite Barrier Function

hi(x, &) = ho(x) — 37(€ = ko(x)) ' (€ — ko(x))

K
15

Andrew J. Taylor
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Barrier Backstepping

Top-Level Safe Set Reduced-Order Controller

Co={x e R" | hy(x) > 0} _ ko :R" — RP
ho(x, ko(x)) > —ag(h(x))

\ aq globally Lipschitz

Composite Barrier Function — Composite Safe Set
ha(x,€) = hy(x) — (€ — ko(x)) (€ — ko(x)) €1 = {(x,6) €R" xBY | h(x,£) > 0}
p € Ry

o:
‘\\J \g
15

Andrew J. Taylor



Barrier Backstepping

Top-Level Safe Set Reduced-Order Controller Set Containment
. RN P
Co={xeR" | ho(x) >0} | = ko:R'—=R hi(x,6) >0 — hy(x) >0
ho(x, ko(x)) > —ag(h(x)) C, CCyx RP

\ aq globally Lipschitz t

Composite Barrier Function - Composite Safe Set
ha(x,€) = hy(x) — (€ — ko(x)) (€ — ko(x)) €1 = {(x,6) €R" xBY | h(x,£) > 0}
p € Ry

v/
/9
-

=

S
Andrew J. Taylor 15




Barrier Backstepping Caltech

Top-Level Safe Set Reduced-Order Controller Set Containment

Co={x € R" | hy(x) > 0} ; :0 : Rn>_> RY , hi(x,€) >0 = hy(x) >0
O(x: O(X)) = _QO( (X)) Cl C CO % RP

& o globally Lipschitz 1r

Composite Barrier Function q Composite Safe Set
hi(x, &) = ho(x) — 3;(€ — ko(x)) ' (€ = ko(x)) Ci={(x,&) e R" x R? | hi(x,€) > 0}
p € Ry

Structured Controller

k(x, €) = g1(x, &)~ f1(x,€) + G20 (Fo(x) + go(x)€)
T
+u(GRxex) - 3(€ — kox)))

)\ 2 ECH(} RN
Andrew J. Taylor 15




Barrier Backstepping Caltech

. R v
Top-Level Safe Set educed-Order Controller Gt —

Co={x € R" | hy(x) > 0} ; :0 : Rn>_> RY , hi(x,€) >0 = hy(x) >0
O(x: O(X)) = _QO( (X)) Cl C CO % RP

& o globally Lipschitz 1r

Composite Barrier Function q Composite Safe Set
hi(x, €) = ho(x) = 7:(6 = ko(x)) " (€ — ko(x)) C1 = {(x,€) € R" x R | hy(x, &) > 0}
p € Ry
Structured Controller Safety
k(x,€) = g1(x, &)1 — f1(x, &) + TO(x) (£y(x) + go(x)€) g (x. € k(x —ap(h(x
( She T \ . 1( :57 ( 16) > 050( 1( 55))
+u(GRxex) - 3(€ — kox))) h(xt), @e(t) > 0 = ho(ex(t) > 0
A > Eag Andrew J. Taylor‘ \I5




Constructive Control Barrier Functions

Strict Top-Level Barrier Function

9h0(x) (£y(x) + go(x)ko(x)) > —ap(hp(x))

K
16

Andrew J. Taylor
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Constructive Control Barrier Functions

Strict Top-Level Barrier Function

9h0(x) (£y(x) + go(x)ko(x)) > —ap(hp(x))

4

Full System CBF

sup i’Ll(X, g: 11) > _QO(hl (X, 5))

ucR”

Construct CBFs for complex systems
using CBFs for simple systems!

o:
‘\\J \g
16
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Constructive Control Barrier Functions Caltech

Strict Top-Level Barrier Function

90(x) (fo(x) + go(x)ko(x)) > —ap(hp(x))

— CBF-QP
i‘ k(x,§) = all;geﬂlg} |u — kyom(x, &) ||%
st hi(x, &, 1) > —ag(hi(x,§))

Full System CBF

sup hl(x, §.u) > —o(h(x,§))

u E Rﬂl

Construct CBFs for complex systems

using CBFs for simple systems! Do not need to use structured controller

Andrew J. Taylor 16



Multi-Step Barrier Backstepping

Multi-Cascade System

& = fo(&,) + g0.£(&0)&1 + Zo.ul&o)uo,
él - f1(£07£1) + 81,6(50751)52 + gl,u(éo,fl)uh

ér — fT(509£17£29 s 5',") + g7‘(£03£17 < ,67.)111.,

RV z; = (£),&1,....&)€RY =0,...,r

s

<

\‘\d
Andrew J. Taylor 17



Multi-Step Barrier Backstepping

Multi-Cascade System

go =f0(&o) + 20.6(€0)&1 + 8o.u(&p)uo,

&1 =11(80,&1) +81.6(&0.£1)8 +81.u(&p, &1 )ur,

ér - f’r(£07£17£27 e £r‘) + g'r(g();gl: O 7€r)u7’7

éiERpi Zi:(ggvgla"'agi)ER% ’Z::U,...,T

Top-Level Safety Design

Co = {&y € R | hy(&p) > 0}
8h()

7e(z0) (fo(z0) + 80.¢(20)ko ¢ (20)
+80,u(20)ko,u(20)) > —ao(ho(zo))

Andrew J. Taylor
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Multi-Step Barrier Backstepping

Multi-Cascade System

go =f0(&o) + 20.6(€0)&1 + 8o.u(&p)uo,

£ =110, &) + gl,&(fo»fl)fz + gl,u(fofl)ul:

ér - f’r(£07£17£27 e £r‘) + g'r(g();gl: <. 7€r)u7’7

éiERpi Zi:(EOggly---,&j)GR% ’Z::U,...,T

Top-Level Safety Design

Co = {&y € R | hy(&p) > 0}
8h()

7e(z0) (fo(z0) + 80.¢(20)ko ¢ (20)

+80,u(z0)ko,u(z0)) > —ag(ho(zo))

Composite Barrier

ey 1 2
h(zr) = ho(zo) — Xi—1 70116 — kim1g(zi-1)I5
MZ€R>O ?::1,...,?"
ki_1¢(z;—1) : RI=1 — R defined recursively
1=2,...,r—1

Andrew J. Taylor
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Multi-Step Barrier Backstepping

Caltech

Multi-Cascade System

%0 =f0(&o) + 20.6(€0)&1 + 8o.u(&p)uo,
51 - fl(fo:&) + gljé(foa&)gz + gl,u(g()aél)uly

ér — f?“(£07£17£27 s 57") + gr(£0;£1; < 7£7~)u7’7

£i€Rpi Zi:(g(]vgla"'agi)Equ ’L'IO,...,T

Composite Barrier

Top-Level Safety Design

Co=1{& € R | hy(&p) > 0}
8h,0

%(ZO) (fo(ZO) + gojg(zo)kojg(zo)
‘|‘gO,u(ZO)kO,u(ZO)) > —aq(hp(zp))

h(zr) = ho(z0) — i—1 7c11€i — kim1e (i3
HZ€R>O i:1,...,7’
ki_1¢(z;—1) : RI=1 — R defined recursively

1=2,...,r—1

|

Composite Safe Set

C — {Zfr ~ Rq]r | h(ZT) 2 O}

CCCyxRPLx...xRPr

Andrew J. Taylor 17



Joint Lyapunov-Barrier Backstepping

Lyapunov & Barrier Top Level Design

K
18

Andrew J. Taylor
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Joint Lyapunov-Barrier Backstepping

Lyapunov & Barrier Top Level Design

Composite Lyapunov & Barrier

V(x,€) = Vo(x) + g=(€ — ko(x)) " (€ = ko(x))
1
0

h(x, &) = ho(x) — (€ — ko(x)) " (€ — ko(x))

PN

/

4

Andrew J. Taylor \18



Joint Lyapunov-Barrier Backstepping Caltech

Lyapunov & Barrier Top Level Design

Composite Lyapunov & Barrier

V(x,€) = Vo(x) + z;=(€ — ko(x)) ' (€ — ko(x))
h(x, &) = ho(x) — 5,-(€ — ko(x)) " (€ — ko(x))

3

Time Derivatives

V(x,& ) = by (x, &) + -ai(x, &) 'u

hix, &) = by 1(x,€) — 7-ai(x,€) Tu ‘
’ Andrew J. Taylor 18



Joint Lyapunov-Barrier Backstepping Caltech

Lyapunov & Barrier Top Level Design

— CLF + CBF Condition
Vo(x, ko(x)) < —v(Vo(xo))
ho(X ko(X)) ~ —O{()(h(X)) uléllfRV(X £, 11) - bVl(X 5) Eal(x £)Tu
= 73(||XH) v3(1€ = ko(x))])
{‘ uing}.’%"(Xj 67 11) — _bh,,l( ) th I(Xa g)Tu
Composite Lyapunov & Barrier < ag(hp(x)) — 2, ||€ ko(x) H%

V(x,€) = Vo(x) + z;=(€ — ko(x)) ' (€ — ko(x))
h(x, &) = ho(x) — 5,-(€ — ko(x)) " (€ — ko(x))

3

Time Derivatives —

V(x,& ) = by (x, &) + -ai(x, &) 'u

h(x, &) = by (x. &) — 7-ai(x, ) Tu |
Andrew J. Taylor 18



Joint Lyapunov-Barrier Backstepping

Caltech

Lyapunov & Barrier Top Level Design

— CLF + CBF Condition

inf V(x, &, u) = by (x, 5) a-ai(x,€) 'u

73(||XH) (1€ — ko)1)
infh(ngau):_bh,l( ) th 1(Xa£)—l—u
ueR”

Rewrite Conditions

inf ay(x, £)Tu < cyi(x,€)
ueR™

V(x,& ) = by (x, &) + -ai(x, &) 'u

h(x, &) = by (x. &) — 7-ai(x, ) Tu

inf aj(x, £)T11 < Ch,l(xa £)
ucR"”

Andrew J. Taylor 18



Joint Lyapunov-Barrier Backstepping Caltech

Stability and safety conditions are

Rewrite Conditions jointly satisfiable!

infaj(x,€) u < cy1(x, §)
ucR"”

inf aj(x, £)T11 <cp(x,§)
ueR” |

Stabilizing + Safe Backstepping Controller

k(x, £) = argmin||u?

ueRH’

st.oap(x,€) " u < minfey(x,€), 1 (x, &)}

Andrew J. Taylor 19



Joint Lyapunov-Barrier Backstepping Caltech

Stability and safety conditions are

Rewrite Conditions jointly satisfiable!

inf aj(x, £)Tu <cyi(x,€)
uec R"”

inf aj(x, £)T11 <cp(x,§)
ueR" |

Tracking the stabilizing and safe top- Stabilizing + Safe Backstepping Controller
level controller faster benefits both

stability and safety.

k(x,£) = argmin [ul3

uckR”

st.oap(x,€) " u < minfey(x,€), 1 (x, &)}

Andrew J. Taylor 19



Joint Lyapunov-Barrier Backstepping

Caltech

Rewrite Conditions

infa)(x, &)
uecR™

inf aj(x, £)T11 <cp(x,§)
ueR" |

u < cyi(x,§)

Stability and safety conditions are
jointly satisfiable!

Tracking the stabilizing and safe top-
level controller faster benefits both
stability and safety.

Stabilizing + Safe Backstepping Controller

How do we design a smooth top-level
controller meeting both constraints?

k(x, &) = argmin [|u|/3

ueR"”
s.t. al(x, £)Tu < miﬂ{CVJ(X, 5)7 Ch,l(Xa 5)}

Andrew J. Taylor 19



Joint Lyapunov-Barrier Backstepping Caltech

Stability and safety conditions are

Rewrite Conditions jointly satisfiable!

infa)(x, &)
uecR™

inf aj(x, £)T11 <cp(x,§)
ueR" |

u < cyi(x,§)

Tracking the stabilizing and safe top- Stabilizing + Safe Backstepping Controller
level controller faster benefits both

stability and safety.

k(x, €) = argmin [|ul|3
u€R”

st.oap(x,€) " u < minfey(x,€), 1 (x, &)}

How do we design a smooth top-level G Optimization-based controllers
controller meeting both constraints? generally are not smooth.

Andrew J. Taylor 19



Top-Level System Joint CLF + CBF

For all x € R", there exists v € RP s.t.

M%) (F(x) + go(x)v)) < —y3([1x]))

90(x) (£y(x) + go(x)v)) > —ap(ho(x))

4

K
20
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Smooth Control Synthesis

Top-Level System Joint CLF + CBF

For all x € R", there exists v € RP s.t.
Mo (x) (£ (x) + go(x)v)) < —3([1x]))
P (x) (£ (x) + go(x)v)) = —ap(hy(x))

d

Rewrite Constraints

aV’()(X)TV + bV,()(X) <0

ay, o(x) ' v + by, (x) <0

"/9
~

Andrew J. Taylor 20
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Smooth Control Synthesis

Top-Level System Joint CLF + CBF Feasible Input Sets
For all x € R", there exists v € R? s.t. Uy (x) ={v e R | aV,()(X)TV + by p(x) < 0}
G2(x)(fo(x) + go(x)v)) < —3(]Ix]) Up(x) = {v € R | ay, g(x) v + by, o(x) < 0}
Up(x)NU 0
%) o) + g0)V)) > —axg(ho(3) n) D) 7

d

Rewrite Constraints

aKO(X)TV + by p(x) <0

ay 0(x) v + by (x) <0

v/
J /’
“\ -
N \"“

Andrew J. Taylor 20



Smooth Control Synthesis

Partition of Unity Approach!®!

Caltech

(8]

Top-Level System Joint CLF + CBF

For all x € R", there exists v € R s.t.

(%) (%) + go(x)v)) < —3(][x])

90x) (£3(x) + go(x)v)) > —ap(ho(x))

!

Rewrite Constraints

ay,(x) ' v + byg(x)

<0
ap,0(x) v + by (x) <0

P. Ong, J. Cortés, “Universal formula for smooth safe stabilization”,

2019.

Feasible Input Sets

Uy (x) = {v e R [ayf

Up(x) NUy(x) # 0

X)TV + by p(x) < 0}
Up(x) ={v eRP | ay(x) v +byn(x) <0}

Andrew J. Taylor
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Smooth Control Synthesis Partition of Unity Approach® Caltech

Top-Level System Joint CLF + CBF Feasible Input Sets

For all x € R", there exists v € R? s.t. Uy (x) ={v e R | aV,O(X)TV + by o(x) <0}
%(X)(fo(x) +go(x)v)) < —3([]x]]) Up(x) = {v € RP | ay, o(x) v + by (x) < 0}

0o () (£y(x) + go(x)V)) = —ap(ho(x)) Un(x) Nty (x) # 0

1 J

Gaussian Weighted Centroid®!
Rewrite Constraints
Jy vo(x,v)dv 1 ——”V”%
. — Uu ? X.V) = —¢€ QU(X)
ang(X)TV + bV,O(X) <0 ”(X: Z/{) fZ/{ @(X’V)dv Cb( ; ) o
ay, o(x) v + by o(x) <0 . R" — RP p R" « RP
’ , = p: R — UCR ¢ R" X RF — R>
o : R" — R>( smooth
[8] P. Ong, J. Cortés, “Universal formula for smooth safe stabilization”, 2019.
[9] G. M. Tallis, “The moment generating function of the truncated multi-normal
distribution”, 1961. b \ﬁ.

[10] G. M. Tallis, “Plane truncation in normal populations”, 1965. Andrew J. Taylor 20



Controller Design!®!

ko(x) = ((p(x))(p(x; Uy ) + p(x;Up))
+(1 = C(p(x))) pl(x; Uy N UE)

¢ : R — [0, 1] smooth partition of unity

_ap(x) ay(x)
PIX) = Tay T

4

K
21

[8] P. Ong, J. Cortés, “Universal formula for smooth safe stabilization”, 2019.

Andrew J. Taylor



Smooth Control Synthesis

Controller Design!®]

ko(x) = C(p(x))(p(x; Uy ) + p(x;Up,))
+(1 = C(p(x))) pl(x; Uy N UE)

¢ : R — [0, 1] smooth partition of unity
)T

~ayy(x) ay(x)
PX) = Ty Tl T

Stability + Safety + Smoothness!®!

ko(x) € Uy (x) NU(X)
ko is smooth*

*Special considerations for origin addressed in paper

[8] P. Ong, J. Cortés, “Universal formula for smooth safe stabilization”,

<

Andrew J. Taylor
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Simulation Results

Ao

velocity, ||£ ||

position,

Double Integrator

ho(x) =

input, ||ul|

time. {

0 10 20

Caltech

Andrew J. Taylor



Simulation Results

Caltech

Unicycle
T = v cos()
y = vsin(y)
b= w
1 2 2
ho(x) = 5 (% = xol3 — I3

F

Ty

position,

]
start
/~  mno backstepping

position. Iy

o=01

10 20

time. ¢

input, u

ko d(x)

o=0.1

Andrew J. Taylor
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Conclusions

Caltech

* Framework for achieving safety of
higher-order systems by unifying
classical Lyapunov backstepping with
Control Barrier Functions

* Constructive tool for synthesizing
Control Barrier Functions for higher-
order systems

* Design of stable and safe nonlinear
controllers through joint Lyapunov and
Barrier backstepping

Andrew J. Taylor
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