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Control in the real world is hard
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But: Pretty when it works... UCLA

[1] R. Grandia, A. J. Taylor, M. Hutter, A. D. Ames, “Multi-
Layered Safety for Legged Robotics via Control Barrier Functions
and Model Predictive Control”, 2020.
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Contributions

* Framework for achieving sampled-data control for system
stability via Control Lyapunov Functions (CLFs)

* Constructive process for synthesizing discrete CLFs using
feedback linearizability and approximate transition maps

* Analysis of stability of zero-dynamics for sampled-data
systems
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Feedback Linearization

State Dynamics
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Lyapunov Equation
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[2] Z. Artstein, “Stabilization with relaxed

controls”, 1983.
[3] E. Sontag, “A universal construction of

Artstein’s theorem on nonlinear stabilization
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Robust Stabilization”, 1996.

7, 1989.
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Approximate Discrete Model
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conditions for stabilization of sampled-data nonlinear

systems via discrete-time approximations”, 1999
[8] D. Nesié¢, A. Teel, “A framework for stabilization

of nonlinear sampled-data systems based on their
approximate discrete-time models”, 2004
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[9] J. W. Grizzle, “Feedback Linearization of
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[f one obtains approximating systems by performing a Taylor
expansion in the sampling interval T, then, in the coordinates used above,
neglecting second and higher order terms in T results in a system that is
feedback linearizable, whereas neglecting only third and higher order
terms results in a system that is not feedback linearizable.
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Andrew J. Taylor 14



Feedback Linearization with Sampling

Caltech

Feedback Linearization + Sampling

[9] J. W. Grizzle, “Feedback Linearization of
discrete-time systems”, 1986.

[10] S. Monaco, D. Normand-Cyrot, S.
Stornelli, “On the linearizing feedback in
nonlinear sampled data control schemes”, 1986.

[11] J.W Grizzle, P. V. Kokotovic, “Feedback
linearization of sampled-data systems”, 1988.

[12] A. Arapostathis, B. Jakubczyk, H.-G. Lee,
S. I. Marcus, E. D. Sontag, “The effect of
sampling on linear equivalence and feedback

linearization”, 1989.

Feedback and sampling do
not commute

Feedback Linearization of Sampled-Data Systems
J. W. GRIZZLE anDp P. V. KOKOTOVIC

However, after
the change of coordinates y! = x' + (x?)2, y2 = x?, (2.2) becomes

r

Yo =Yi— i)+ 5 tan (17 +arctan (y3)) dr +tan® (4T + arctan (y2))
0

yi,,=tan (uT + arctan (. (2.4)

Now, expanding the right-hand side of (2.4) and dropping terms second
order and higher in 7 yields a system that is not feedback linearizable.

Andrew J. Taylor 14



Feedback Linearization with Sampling

Caltech

Feedback Linearization + Sampling

[9] J. W. Grizzle, “Feedback Linearization of
discrete-time systems”, 1986.

[10] S. Monaco, D. Normand-Cyrot, S.
Stornelli, “On the linearizing feedback in
nonlinear sampled data control schemes”, 1986.

[11] J.W Grizzle, P. V. Kokotovic, “Feedback
linearization of sampled-data systems”, 1988.

[12] A. Arapostathis, B. Jakubczyk, H.-G. Lee,
S. I. Marcus, E. D. Sontag, “The effect of
sampling on linear equivalence and feedback

linearization”, 1989.

Feedback and sampling do
not commute

Feedback Linearization of Sampled-Data Systems
J. W. GRIZZLE anDp P. V. KOKOTOVIC

However, after
the change of coordinates y! = x' + (x?)2, y2 = x?, (2.2) becomes

r

Yo =Yi— i)+ 5 tan (17 +arctan (y3)) dr +tan® (4T + arctan (y2))
0

yi,,=tan (uT + arctan (. (2.4)

Now, expanding the right-hand side of (2.4) and dropping terms second
order and higher in 7 yields a system that is not feedback linearizable.

Hence, one cannot state that the obstruction to feedback linearizability is

“*second order or higher in 7,,”" without also specifying a particular set of
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State Dynamics Exact Discrete Transition Map

% = £(x) + g(x)u g = B () = xp, [ E(x(7) + glx(7)uydr

Andrew J. Taylor 15



Caltech

Feedback Linearization with Sampling
UCLA
State Dynamics 9 Exact Discrete Transition Map
% = f(x) + g(x)u xp1 = B0 wp) =3+ f £(x(7) + g(x(7) s

J

Euler Approximate Discrete Transition Map

Xpy1 = Fy 7 (xg.up) = xp + b (£(xp) + g(xp)uy)

Andrew J. Taylor 15



Caltech

Feedback Linearization with Sampling
UCLA
State Dynamics 9 Exact Discrete Transition Map
% = f(x) + g(x)u xp1 = B0 wp) =3+ f £(x(7) + g(x(7) s

J

Euler Approximate Discrete Transition Map
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Caltech

State Dynamics

x = f(x) + g(x)u

Normal Dynamics

3

V4

n] _ [fn(ﬁ)] N [gn(é)

[ |

q(§)

0]“

—

fe g¢

Andrew J. Taylor 16
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Feedback Linearization with Sampling -
UCLA
¢ — [121] _ ®(x) Normal Dynamics
State Dynamics . [a] [£,€) g (£)
| e ) L) 0
i = £x) + g(x)u (0) = 0 o

Exact Discrete Transition Map

1] i [ o 0 [0 1 [8060)

Z].+]
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Feedback Linearization with Sampling -
UCLA
¢ — [121] _ ®(x) Normal Dynamics
State Dynamics a] g€ gn(€) .
_ m— ¢ [
x = f(x) + g(x)u ®(0)=0 A Py

25 P 5

@
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Caltech

Feedback Linearization with Sampling -
UCLA
| ¢ — [121] _ ®(x) Normal Dynamics
SRS ) | (- m = F’”(&)] + [g”’(é)] u
_ Z Laig)] | 0
x = f(x) + g(x)u ®(0)=0 A Py

Exact Discrete Transition Map

A N

@

Euler Approximate Transition Map uy = ke, (&)

[Zf:ﬂ = F (& wy) = [Z:] th ([27((555)] . [gnggk)] %) — [nk+1

z1] lzﬂ wh [(f(g/f)]

Andrew J. Taylor 16



Feedback Linearization with Sampling

Caltech

¢ — [n] _ ®(x) Normal Dynamics
i Z
e — = m = F"((g)] + [g"’(é)] u
0
i = £x) + g(x)u (0) = 0 =
Exact Discrete Transition Map
U3 RTINS | Mk fn(&(7)) gn(&(7))
? [ :‘:] =F,>(&uy) = [z:] + /5 [nq(ﬁ) ] + [ n 0 ]ukd’r
Euler Approximate Transition Map uy = ke, (&)
— [mm] _ [(I + f;;A()g%]
Meit| _ palie oy — | fn(ﬁwl [gn(ﬁk) . Zip1]  |zk + ha(é
[ZHJ PGt [Zk] o uq(&k) oo [ rew 3. Talor




Feedback Linearization with Sampling Transform then sample! C !
‘- [g] _ o(x) Normal Dynamics
State Dynamics . (n| _ [fh(&) gn(&)
| E £ = [z] —\|:g(£)l+\[ "O ]Jll
x = f(x) + g(x)u ®(0)=0 fe 8¢

Exact Discrete Transition Map

1] i [ o 0 [0 1 [8060)

Zf+1

@

Euler Approximate Transition Map uy = ke, (&)

] - - [11] o ([B€0] 60 m— |2 e
Zj;+1 | zJ; k

Z41

Andrew J. Taylor 16




Discrete CLF @'ﬂm

Lyapunov Equation

APy +PpA =-Qy
Pp,Qn =0

Andrew J. Taylor 17



Discrete CLF m

Lyapunov Equation

APy +PpA =-Qy
Pp,Qn =0

J

Lyapunov Function

Vi(n) =n"Pyn

Andrew J. Taylor 17



Discrete CLF Synthesis

Lyapunov Equation Approximate Transition Map

T _ Fg,,
A P"'l + PnA Qn |:Zk+1] _ szg(gka uk) _ |:Fﬁ’z (fk uk):|
Py, Qp =0 k+1 (& ayg)

J

Lyapunov Function

Vi(n) =n"Pyn

Andrew J. Taylor 17



Discrete CLF Synthesis Caltech

Lyapunov Equation Approximate Transition Map

T _ F

P, Qp >0 Z);41 F, (& a)
Lyapunov Function Discrete Control Lyapunov Function
*
Va(n) =0 Pon Ve e (0,1) 3n* >0

Ain(P) 115 < Va(1) < Amax(Pr) [m]]3

nf V(B (6. 0)) = V() < —heuin(Qn) )13
Vh € (0, h*]

Andrew J. Taylor 17



. . Caltech
Discrete CLF Synthesis

Lyapunov Equation Approximate Transition Map

T

"7k+1] _ F%aﬁ(gk’ uk) _ [F%’!Z(gkn uk‘)}

P, Qp > 0 Zjot 1 F, (& ay)
Lyapunov Function Discrete Control Lyapunov Function
*
Vi(m) = UTPn"? Ve e (0,1) 3n* >0
Ain(P) 115 < Va(1) < Amax(Pr) [m]]3
iV (F} (€ w) = Vi) < —hedysn(Quy) 3
Uniformity properties! Vh € (0, h*]

Andrew J. Taylor 17



Sampled-Data Stabilization

Output Stabilization

Vi (B (&5 kp(€1))) — Vip(mg) < —henin(Qa)Im 115

Andrew J. Taylor 18



Sampled-Data Stabilization

Zero Dynamics Output Stabilization

z=q(0,2) Vi (B3 (€1, kp (€1)) = Viplmg) < —heXuin(Qn) [z [15

Andrew J. Taylor 18



Sampled-Data Stabilization Caltech

Local Exponential o
Zero Dynamics Stability Output Stabilization

i = 4(0,2) ! VB € K (€0) = Viglg) < =i Qulimg I3

Lyapunov Function

Vy(z) =2z P,z

Andrew J. Taylor 18



Sampled-Data Stabilization

Caltech

Local Exponential

Zero Dynamics Stability

z=q(0,z)

Output Stabilization

Lyapunov Function

Vy(z) =2z P,z

Uniformity Properties

Vd e (0,1) 3n* >0
)\Inin(Pz)HZH% < Va(z) < )\ma-X(Pz)HZ“%

Vo (F7 (&) — Vi(z) < —hdin(Qz) |13
Vh € (0, h*]

v’n(F%n(&kn kh(&k))) - Vn(nk:) < _hC)‘miu(Qn)anH%

Andrew J. Taylor 18



Sampled-Data Stabilization

Caltech

Local Exponential

Zero Dynamics Stability

z=q(0,z)

Output Stabilization

Lyapunov Function

Vy(z) =2z P,z

Uniformity Properties

Vd e (0,1) 3n* >0
)\mm(Pz)HZH% < Va(z) < )\ma-X(PZ)HZ“%
Vo(F32(€)) — Va(z) < —hdM\yin(Qz) 123
Vh € (0, h"]

v’n(F%n(&kv kh(&k))) - Vn(’?k) < _hC)‘miu(Qn)anH%

ﬂ Composite Lyapunov

V(&) = aVp(n) + Vz(z)
o >0

Andrew J. Taylor 18



Sampled-Data Stabilization

Composite Lyapunov

V(&) =aVp(n) + Vi(2)
o>0

Andrew J. Taylor 19



Sampled-Data Stabilization Caltech

Composite Lyapunov

V(&) = aVp(n) + Vz(z)
o >0

Uniformity Properties

Jh* >0
k€13 < V() < kall€l13
V(FU4(8)) - V(E) < —hk3)€]3
Choice of 0 V(&) — V(&) < M€ — &
Vhe (0,h*] €,& €K

Andrew J. Taylor 19



Caltech

- ilization
Sampled-Data Stabilizatio T
Composite Lyapunov r > Practical Stability
V(€)= oViy(n) + Valz) Er1 = FE(€r k(€r)
o>10

Uniformity Properties

Jh* >0
k] I€)3 < V(€) < kall€]I3

V(FY4(€)) — V(E) < —hks)€]I3
Choice of 0 V(&) — V(&) < M€ — &

Vh € (0, h"] £,6e K

Andrew J. Taylor 19
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- 1lization
Sampled-Data Stabilizatio T
Composite Lyapunov r > Practical Stability
V(€)= aViy(n) + Vu(2) Eprt = Fy (€1, k(€p))
o>10

Uniformity Properties One-Step Consistency

JFh* >0 . o
le&H% - V(g) . k2||£||% Practical Stability
V(FY4(€)) — V(E) < —hks)€]I3 Eri1 = FO8(E1,k(E))
Choice of o V(&) — V(&) < Mg — & "

Vhe (0,h*] &,&e K

Andrew J. Taylor 19



Caltech

Sampled-Data Stabilization
P UCLA
Composite Lyapunov r > Practical Stability
V(&) = oVy(n) + Va(2) €11 = B S (€1 K(E))
o >0

Uniformity Properties One-Step Consistency

3h* >0 , 5 Practical Stability
k1l1€ll5 < V(E) < koll€]]5
V(FY4(€)) — V(E) < —hks)€]I3 Eri1 = FO8(E1,k(E))
Choice of o V(&) — V(&) < Mg — & "

Vh € (0,h*] &.§p€e K Diffeomorphism

Practical Stability

X1 = F) 7 (xp, k(@ (xp)))

Andrew J. Taylor 19



Quadratically Constrained Quadratic Programs

Can we do better than
feedback linearization?

Andrew J. Taylor 20



Quadratically Constrained Quadratic Programs C-h

Can we do better than
feedback linearization?

Discrete CLF Property

inf Vi (F (€, ) — Vig(n) < —heAin(Qn)m]13

ueR"

Andrew J. Taylor 20



Quadratically Constrained Quadratic Programs C-h

Can we do better than
feedback linearization?

Optimization Constraint

k; (&) = argmin [[ul3
ueR"

S.t. Vn(FZ’"(g, 11)) — Vn('rl) < _hC)\min(QT[)HUHS

Andrew J. Taylor 20



Quadratically Constrained Quadratic Programs C-h

Can we do better than
feedback linearization?

CLF Quadratically Constrained Quadratic Program

(CLF-QCQP)
ki “I"(¢) = argmin [Ju3
ucR™
8.1 uTAh(ﬁ)u + 2)\}1,(5)Tu +£,(§) <0
A (&) = hgn(€) "Ppgy(€)
(&) = gn(&) "Py(n + hiy(€))
0(&) = £(&) "Pp(2n + hEn(€)) + Amin(Qn) 113

Andrew J. Taylor 20



Inverted Pendulum

Andrew J. Taylor 21



CLF-QP

CLF-QCQP

10 Hz Simulation
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Inverted Pendulum

CLF-QP

004

CLF-QP (State)

100 Hz Simulation

CLF-QP (Input)
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Double Inverted Pendulum

10 Hz Simulation

CLF-QP (State) CLF-QP (Input)
100 . ‘ .+ 8 (rad
2
B (rad
. ) % (rad)
N + @ (rad/sec)
., . . 1
50 . et + « B (rad/sec)
- . e, .
. . L] Fatad? e, e,
e e, e LR B . O .
25 N .:: . .‘w“" . "'...:." N O o . "«.”.“ . They 0
v o . . . . .
B N T T
CLF-QP vof W e e T e B Mo
. - e DR . " .
o . .',.’ et .. N . ° Seae w.‘:' N -1
_ - Al CIL Y - -
25 Ce e K :. . b -
’O
=0 -2
.
-715
.
T T T T T T -3 T T T T T T
o 2 4 & B 10 0 2 4 B 8 10
t (sec) t (sec)
SD-CLF-QCQP (State) SD-CLF-QCQP (Input)
0.0
10 “o..‘ . el (rad)
0
., + B (rad)
08 . . -05
." + 6 (rad/sec)
Y .
06 ., + Bz (rad/sec) | _1p
'0
.O
.A
04 . -15
CLF-QCQP
..
0z ...’ 0», o, 20

n e,
- “o.‘
00 - R

Andrew J. Taylor 24



Double Inverted Pendulum

Caltech
UCLA

CLF-QP

CLF-QCQP
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1 kHz Simulation

CLF-QP (Input)

6, (rad)
62 (rad)

6, (rad [ sec) N,

6, (rad / sec)

-1

-2

-3

—4
2 4 & g 10 3 & & 10
t (sec) t (sec)
SD-CLF-QCQP (State) SD-CLF-QCQP (Input)
6, (rad) 05 — T1 (N-m)
6> (rad) = Tz (N - m)
6, (rad / sec) o0
. éz (rad /sec) | -05
-L0
-15
-2.0
25
=30
2 -‘ll 6 B 1‘0 4 6 lli 10
t (sec) t (sec)

Andrew J. Taylor

25



Dynamically Extended Planar Quadrotor

Caltech
UCLA

10 Hz Simulation
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Dynamically Extended Planar Quadrotor

Caltech

CLF-QP

-7 4

—4 4

CLF-QCQP

100 Hz Simulation
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Inverted Pendulum + Zero Dynamics

Dynamics

CLF-QP

m =2

no = 10sin(n;) + u

23:77%—2

CLF-QCQP
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100 A

000 1
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0.00 1

-0.25
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Conclusions Caltech

* CLF-QCQPs offer solution for resource
efficient stabilization of sampled-data
systems.

* Stability properties of zero-dynamics are
preserved with sample-hold control
implementation.

« CLF-QCQP displays significant
improvements over CLF-QP even below
theoretical frequency requirements.
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Thank You!

Sampled-Data Stabilization with Control Lyapunov Functions
via Quadratically Constrained Quadratic Programs

Andrew Taylor Victor Dorobantu
Yisong Yue  Paulo Tabuada  Aaron Ames
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