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Control in the real world is hard
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But: Pretty when it works…

[1] R. Grandia, A. J. Taylor, M. Hutter, A. D. Ames, “Multi-

Layered Safety for Legged Robotics via Control Barrier Functions 

and Model Predictive Control”, 2020.  
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Claim: Need to Bridge the Gap

Bridge the 
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Contributions
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• Framework for achieving sampled-data control for system 
stability via Control Lyapunov Functions (CLFs)

• Constructive process for synthesizing discrete CLFs using 
feedback linearizability and approximate transition maps

• Analysis of stability of zero-dynamics for sampled-data 
systems
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[2] Z. Artstein, “Stabilization with relaxed 

controls”, 1983.

[3] E. Sontag, “A universal construction of 

Artstein’s theorem on nonlinear stabilization”, 1989.

[4] R. Freeman, P. Kokotovic, “Inverse Optimality in 

Robust Stabilization”, 1996.
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CLF Quadratic Program[5]
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[6] S. Monaco, D. Normand-Cyrot, 

“Advanced Tools for Nonlinear Sampled-

Data Systems Analysis and Control”, 2007.
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Practical Stability

Equi-Lipschitz Lyapunov Function

Can we use feedback 
linearization and CLFs?
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[9] J. W. Grizzle, “Feedback Linearization of 
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[10] S. Monaco, D. Normand-Cyrot, S. 

Stornelli, “On the linearizing feedback in 

nonlinear sampled data control schemes”, 1986.

[11] J.W Grizzle, P. V. Kokotovic, “Feedback 

linearization of sampled-data systems”, 1988.

[12] A. Arapostathis, B. Jakubczyk, H.-G. Lee, 

S. I. Marcus, E. D. Sontag, “The effect of 

sampling on linear equivalence and feedback 

linearization”, 1989. 



Feedback Linearization with Sampling

Feedback Linearization + Sampling

Andrew J. Taylor 13

Feedback and sampling do 
not commute

[9] J. W. Grizzle, “Feedback Linearization of 

discrete-time systems”, 1986.

[10] S. Monaco, D. Normand-Cyrot, S. 

Stornelli, “On the linearizing feedback in 

nonlinear sampled data control schemes”, 1986.

[11] J.W Grizzle, P. V. Kokotovic, “Feedback 

linearization of sampled-data systems”, 1988.

[12] A. Arapostathis, B. Jakubczyk, H.-G. Lee, 

S. I. Marcus, E. D. Sontag, “The effect of 

sampling on linear equivalence and feedback 

linearization”, 1989. 



Feedback Linearization with Sampling

Feedback Linearization + Sampling

Andrew J. Taylor 13

Feedback and sampling do 
not commute

[9] J. W. Grizzle, “Feedback Linearization of 

discrete-time systems”, 1986.

[10] S. Monaco, D. Normand-Cyrot, S. 

Stornelli, “On the linearizing feedback in 

nonlinear sampled data control schemes”, 1986.

[11] J.W Grizzle, P. V. Kokotovic, “Feedback 

linearization of sampled-data systems”, 1988.

[12] A. Arapostathis, B. Jakubczyk, H.-G. Lee, 

S. I. Marcus, E. D. Sontag, “The effect of 

sampling on linear equivalence and feedback 

linearization”, 1989. 



Feedback Linearization with Sampling

Feedback Linearization + Sampling

Andrew J. Taylor 13

Feedback and sampling do 
not commute

[9] J. W. Grizzle, “Feedback Linearization of 

discrete-time systems”, 1986.

[10] S. Monaco, D. Normand-Cyrot, S. 

Stornelli, “On the linearizing feedback in 

nonlinear sampled data control schemes”, 1986.

[11] J.W Grizzle, P. V. Kokotovic, “Feedback 

linearization of sampled-data systems”, 1988.

[12] A. Arapostathis, B. Jakubczyk, H.-G. Lee, 

S. I. Marcus, E. D. Sontag, “The effect of 

sampling on linear equivalence and feedback 

linearization”, 1989. 



Feedback Linearization with Sampling

Feedback Linearization + Sampling

Andrew J. Taylor 13

Feedback and sampling do 
not commute

[9] J. W. Grizzle, “Feedback Linearization of 

discrete-time systems”, 1986.

[10] S. Monaco, D. Normand-Cyrot, S. 

Stornelli, “On the linearizing feedback in 

nonlinear sampled data control schemes”, 1986.

[11] J.W Grizzle, P. V. Kokotovic, “Feedback 

linearization of sampled-data systems”, 1988.

[12] A. Arapostathis, B. Jakubczyk, H.-G. Lee, 

S. I. Marcus, E. D. Sontag, “The effect of 

sampling on linear equivalence and feedback 

linearization”, 1989. 



Feedback Linearization with Sampling

Feedback Linearization + Sampling

Andrew J. Taylor 14

Feedback and sampling do 
not commute

[9] J. W. Grizzle, “Feedback Linearization of 

discrete-time systems”, 1986.

[10] S. Monaco, D. Normand-Cyrot, S. 

Stornelli, “On the linearizing feedback in 

nonlinear sampled data control schemes”, 1986.

[11] J.W Grizzle, P. V. Kokotovic, “Feedback 

linearization of sampled-data systems”, 1988.

[12] A. Arapostathis, B. Jakubczyk, H.-G. Lee, 

S. I. Marcus, E. D. Sontag, “The effect of 

sampling on linear equivalence and feedback 

linearization”, 1989. 



Feedback Linearization with Sampling

Feedback Linearization + Sampling

Andrew J. Taylor 14

Feedback and sampling do 
not commute

[9] J. W. Grizzle, “Feedback Linearization of 

discrete-time systems”, 1986.

[10] S. Monaco, D. Normand-Cyrot, S. 

Stornelli, “On the linearizing feedback in 

nonlinear sampled data control schemes”, 1986.

[11] J.W Grizzle, P. V. Kokotovic, “Feedback 

linearization of sampled-data systems”, 1988.

[12] A. Arapostathis, B. Jakubczyk, H.-G. Lee, 

S. I. Marcus, E. D. Sontag, “The effect of 

sampling on linear equivalence and feedback 

linearization”, 1989. 



Feedback Linearization with Sampling

Feedback Linearization + Sampling

Andrew J. Taylor 14

Feedback and sampling do 
not commute

[9] J. W. Grizzle, “Feedback Linearization of 

discrete-time systems”, 1986.

[10] S. Monaco, D. Normand-Cyrot, S. 

Stornelli, “On the linearizing feedback in 

nonlinear sampled data control schemes”, 1986.

[11] J.W Grizzle, P. V. Kokotovic, “Feedback 

linearization of sampled-data systems”, 1988.

[12] A. Arapostathis, B. Jakubczyk, H.-G. Lee, 

S. I. Marcus, E. D. Sontag, “The effect of 

sampling on linear equivalence and feedback 

linearization”, 1989. 



Feedback Linearization with Sampling

Andrew J. Taylor 15

State Dynamics



Feedback Linearization with Sampling

Andrew J. Taylor 15

State Dynamics Exact Discrete Transition Map



Feedback Linearization with Sampling

Andrew J. Taylor 15

State Dynamics

Euler Approximate Discrete Transition Map

Exact Discrete Transition Map



Feedback Linearization with Sampling

Andrew J. Taylor 15

State Dynamics

Euler Approximate Discrete Transition Map
Not feedback linearizable!

Exact Discrete Transition Map



Feedback Linearization with Sampling

Andrew J. Taylor 16

State Dynamics



Feedback Linearization with Sampling

Andrew J. Taylor 16

State Dynamics

Normal Dynamics



Feedback Linearization with Sampling

Andrew J. Taylor 16

State Dynamics

Normal Dynamics

Exact Discrete Transition Map



Feedback Linearization with Sampling

Andrew J. Taylor 16

State Dynamics

Normal Dynamics

Euler Approximate Transition Map

Exact Discrete Transition Map



Feedback Linearization with Sampling

Andrew J. Taylor 16

State Dynamics

Normal Dynamics

Euler Approximate Transition Map

Exact Discrete Transition Map



Feedback Linearization with Sampling

Andrew J. Taylor 16

State Dynamics

Normal Dynamics

Euler Approximate Transition Map

Exact Discrete Transition Map



Feedback Linearization with Sampling

Andrew J. Taylor 16

State Dynamics

Normal Dynamics

Euler Approximate Transition Map

Transform then sample!

Exact Discrete Transition Map
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Lyapunov Equation

Lyapunov Function Discrete Control Lyapunov Function

Uniformity properties!
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Inverted Pendulum + Zero Dynamics

Andrew J. Taylor 28

Dynamics



Conclusions

• CLF-QCQPs offer solution for resource 
efficient stabilization of sampled-data 
systems.

• Stability properties of zero-dynamics are 
preserved with sample-hold control 
implementation. 

• CLF-QCQP displays significant 
improvements over CLF-QP even below 
theoretical frequency requirements.
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Thank You!
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