Nonlinear Model Predictive Control of Robotic Systems
with Control Lyapunov Functions
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Control Lyapunov functions

* Dynamics: x € R"andu € R™
V(x)

x = f(x) +glxu

* Lyapunov:V : X — R,, satisfying:

cllxll* < V() < callxll®
[1,2]

. ° < _
&rellf] Vix,u) < —al(x)

[1] Z. Artstein. Stabilization with relaxed controls. Nonlinear Analysis: Theory, Methods & Applications, 7(11): 1163—-1173, 1983.
[2] R. A. Freeman and P. V. Kokotovic. Inverse optimality in robust stabilization. SIAM journal on control and optimization, 34(4):1365-1391, 1996.



Control Lyapunov functions

* Dynamics: x € R"andu € R™

V(x)
% = (0 + g(u

* Lyapunov:V : X — R,, satisfying:

I — cillxlI? < V(x) < cyllx]|?
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Control Lyapunov functions

V(x)

el

(3] | CLF-QP:

u(x) = argmin |lu — udes(x)llz

s.t. V(x,u) < —aV(x)

* Dynamics: x € R"andu € R™
x = f(x) + glu

* Lyapunov:V : X — R,, satisfying:

crllxll? <V (x) < cplixll?

. ° < _
&Iellf] V(x,u) < —aV(x)

e Stabilizing set of controllers

u(x) efu el |V(ixu) < —aV(x)}
U
V(x(®) < e ®V(x(0)) = x-0

[3] A. D. Ames and M. Powell. Towards the unification of locomotion and manipulation through control lyapunov functions and quadratic programs. 2013.



Baseline Experiments

Tracking linear velocity commands
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Nonlinear Model Predictive Control

T
. minf [(x,u)dt
0

x(t)

— u(t)

[4] H.G. Bock and K.J. Plitt. A Multiple Shooting Algorithm for Direct Solution of Optimal Control Problems.
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Discretization
(Direct multiple shooting) [4]

tr+ot
Tpy1 = Tk -I-ft fx(7)) + g(x(r))uy dr
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Nonlinear optimization problem

N—1
in Iy(x : I (x2
nin, ~N(zn,p) + d(sn) + LZ_O k(ZTh, Uk, D) + O(Sk)
s.t. rog—a =0,
-Ik—i-l_fg(a:kauk:)zoa ]{;:07 5 3

hk(:ck,uk,p) SSk, k‘:(),
hn(zn,p) < sn,

ey, N1
ey N—1

.

s >0, k=0,...,N,

IFAC Proceedings Volumes, 17(2):1603 — 1608, 1984.



Nonlinear Model Predictive Control

T
1 minf [(x, u)dt Discretization
0 (Direct multiple shooting) /
O o
x(t) A R S ()
-
ftkHtf(()H ((7))uy d — °
_I_ Ti41 = Tk + r\T g\T\T))u dT ° ® k
—  ul(t tr o —— *— u( )
— (t) —
Nonlinear optimization problem
[5] . . . . | -
Solved with Sequential Quadratic Programming win Iy (@, p) +0(sn) + D e, uk, p) + 6lsk)
* 1literation per control update . o — & :kzo(i
* Quadratic approximation of the Lagrangian — trer — fiapug) =0,  k=0,.. N—1,
* Linear approximation of dynamics and hi(zp, e, p) < sy, k=0,...,N—1,
constraints hn(zn,p) < sn,
s >0, k=0,...,N,

[5] M. Diehl, et. al. Real-time optimization and nonlinear model predictive control of processes governed by differential-algebraic equations. Journal of Process Control, 2002.



Baseline Experiments

Tracking cost  Input cost
NMPC-3: A A
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CLF-NMPC :

Constraining V (x, u)

Input cost

(slack penalty)

s.t rog—2 =0,
:ck+1—fﬁ(xk,uk):0, k=0,..,N—1,
u<up <u, k=0,..,N—1,
SkZO, kZO, ..,N,
CLF-0 - horr(Z,up) < so,

hepr(x,u)
Vix,u) < —aV(x)




CLF-NMPC :

Constraining V(x, u)

Input cost

up ug + o(sk)

s.t xo— 2 =0,

et — fi (r, up) =0, k
St > O, k

hcrr(Z,uo) < so,

CLF-0 :

hCLF(x' u) :
Vix,u) < —aV(x)
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(slack penalty)

Stabilizing, but no performance gain

x (k)

Ug = UcLF—QP (k)
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CLF-NMPC :

Constrammg V(X, U) min  ¢(sn) + luguk—i—cb(Sk)
X.U,S — 2
S.t rg — 1 =0,

Thy1 — fi(ze,ur) =0,

u < ug < u,

s > 0,
CLF-0: hCLF(i",ug) < Sp,

Additionally, for
CLF-ALL - hCLF(SEk,uk) < Sk,

hepr(x,u)
Vix,u) < —aV(x)




CLF-NMPC :

Level set constraints

Vix,u) < —aV(x)
U
V(x()) < e™*V(x(0))




CLF-NMPC :

Level set constraints

Vix,u) < —aV(x)
U

V(x()) < e™*V(x(0))
/




CLF-NMPC:

Level set constraints min o(sn) - S SuTun 4 6(s0)
X,U,S — 2
s.t x9 — 2 =0,
CE’kJrl_fg(iCk,uk):O, k=0,..., N—1,
u < ug <1, k=0,...,N—1,
s > 0, k=0,...,N,
CLF-0: herp(Z,uo) < so,
Additionally, for
LLS-N : hLLS(SL‘N,i‘) <sy, 0Ty

hpps(x) : V(x(t)) < e‘“tV(x(O)) A
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CLF-NMPC:

Level set constraints . 1
min - $(sw) + D Jupuk + 6(se)
k=0
S.t o — T = O,
Trp1 — [ (xp, ug) =0, k=0,...,N—1,
u < up <1u, k=0,..,N—1,
SkZO, k‘ZO,...,N,
CLF-0: herp(Z,uo) < so,
Additionally, for
LLS-All : hLLs(fEk,i) < s, k=1,...,N.
hps(x) : V(x(t)) < e‘“tV(x(O)) A
x (k)
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; ;zavg = 1.594 [A]
| cpy = 5.56 [ms]

sy = 1.666 [A]
CPU — 4.17 [mS]

sy = 1.898 [A]
CPU = 6.13 [mS]
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Simulation (ug,4[A])

N | 10 20 30 40 50

CLF-QP 1.085 1.085 1.085 1.085 1.085 1.085
CLF-0 1.085 1.085 1.085 1.085 1.085 1.085
CLF-All 1.085 1.072 0952 0.849 0.794 0.769
LLS-N 1.083 0957 0.889 0.842 0.808 0.784
LLS-All 1.083 0956 0.887 0.839 0.805 0.782
NMPC-0.1 - - 3232 2435 2036 1.783
NMPC-1 - 3.026 2019 1.732 1.574 1471
NMPC-10  0.828 0.607 0.704 0.823 0.926 1.006

Main takeaways

« The CLF-NMPC controllers are stable for any horizon length (N).

» Qutperform the CLF-QP formulation.

* For the baseline NMPC stability and performance are coupled and depend on tuning.

* First time for a combined approach to be demonstrated on hardware.
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