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Control Lyapunov functions

𝑉(𝑥)
• Dynamics: 𝑥 ∈ ℝ𝑛 and u ∈ ℝ𝑚

• Lyapunov: 𝑉 ∶ 𝑋 → ℝ+, satisfying:

ሶ𝑥 = 𝑓 𝑥 + 𝑔 𝑥 𝑢

𝑐1 𝑥 2 ≤ 𝑉 𝑥 ≤ 𝑐2 𝑥 2

inf
𝑢∈𝑈

ሶ𝑉 𝑥, 𝑢 ≤ −𝛼𝑉(𝑥)

𝑥(0)

𝑥 = 0
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inf
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• Stabilizing set of controllers

𝑢 𝑥 ∈ 𝑢 ∈ 𝑈 | ሶ𝑉 𝑥, 𝑢 ≤ −𝛼𝑉(𝑥)

⇓

𝑉 𝑥 𝑡 ≤ 𝑒−𝛼𝑡𝑉 𝑥 0 ⟹ 𝑥 → 0

CLF-QP:

𝑢 𝑥 = argmin 𝑢 − 𝑢𝑑𝑒𝑠(𝑥)
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s. t. ሶ𝑉 𝑥, 𝑢 ≤ −𝛼𝑉(𝑥)
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Baseline Experiments
CLF-QP:

𝑢 𝑥 = argmin 𝑢 2

s. t. ሶ𝑉 𝑥, 𝑢 ≤ −𝛼𝑉(𝑥)

Tracking linear velocity commands
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(Direct multiple shooting)
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Discretization
(Direct multiple shooting)

Nonlinear optimization problem
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Solved with Sequential Quadratic Programming
• 1 iteration per control update
• Quadratic approximation of the Lagrangian
• Linear approximation of dynamics and 

constraints
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Baseline Experiments

Tuning weight on 
terminal tracking cost

Tracking cost Input cost



CLF-NMPC : 
Constraining ሶ𝑉(𝑥, 𝑢)

Input cost

(slack penalty)

ሶ𝑉 𝑥, 𝑢 ≤ −𝛼𝑉(𝑥)

ℎ𝐶𝐿𝐹 𝑥, 𝑢 ∶

CLF stability constraint

𝑥(𝑘)

𝑢(𝑘)𝑥0
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Constraining ሶ𝑉(𝑥, 𝑢)

Input cost
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𝑥0

Stabilizing, but no performance gain
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Level set constraints
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𝑥(𝑘)

𝑢(𝑘)

𝑥(𝑘)

𝑢(𝑘)

𝑥(𝑘)

𝑢(𝑘)

𝑢𝑎𝑣𝑔 = 1.594 [𝐴]

𝑡𝐶𝑃𝑈 = 5.56 [𝑚𝑠]

𝑢𝑎𝑣𝑔 = 1.666 [𝐴]

𝑡𝐶𝑃𝑈 = 4.17 [𝑚𝑠]

𝑢𝑎𝑣𝑔 = 1.898 [𝐴]

𝑡𝐶𝑃𝑈 = 6.13 [𝑚𝑠]





Simulation (𝑢𝑎𝑣𝑔 𝐴 )

Main takeaways

• The CLF-NMPC controllers are stable for any horizon length (N).

• Outperform the CLF-QP formulation.

• For the baseline NMPC stability and performance are coupled and depend on tuning.

• First time for a combined approach to be demonstrated on hardware.




