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Background

* Consider the system
x = f(x) +gQxu

where state x € X € R™ and input u € R™ X

Define a safe set in X
C={xeX|h(x) =0}

A not safe

where h: R™ — R is continuously differentiable.

Safety: If for any initial condition x(0) € C,
x(t) € C forall t (i.e., C is forward invariant), then
system 1s safe with respect to C.
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Background

Control Barrier Function (CBF): The function h 1s a

CBF if there exists a @ € K& such that this satisfies: Extended class Ko, (Ko)
a:R-> R

Continuous

> a(h(x)) 2(0) = 0
Monotonically
increasing
lim a(r) -» o and

T — OO

sup / h(x,u) = sup ?f(x) + ahg(x)u

u € R™ u € R™

lima(r) » —

r— —o0o
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Background

Control Barrier Function (CBF): The function h 1s a

h(x,u)
CBF if there exists a a. > 0 such that this satisfies: A
: dh dh
sup h(x,u) = sup —f(x) + —g(x)u > —a h(x) h(x)
u € R™ u e Rm [0X Ox >

: <
Lrh(x) Lgh(x) ‘\\\\\\

V¥ CBF condition
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Background

Control Barrier Function (CBF): The function h 1s a
CBF if there exists a a. > 0 such that this satisfies:

l@h doh

9/ () + 5, 900U

Y

Lfi:(x) Lgh(x)

sup A(x, u) = sup

u € R™ u ER™

> —a.h(x)

We define the point-wise set of controllers:
Kepr(x) = {u € R™ | h(x,u) > —ah(x)}

UNIVERSITY OF
MICHIGAN

<

h(x,u)
A

4

—

V¥ CBF condition




Background

Control Barrier Function (CBF): The function h is a )
CBF if there exists a a. > 0 such that this satisfies: '
dh dh
sup A(x, u) = sup f(x) + — g(x)u > —a h(x) h(x)
u€R™ ue Rm | 0X Ox < >
Y
Leh(x) Lgh(x) \
We define the point-wise set of controllers: ¥ CBF condition

Ke(x) = {u € R™ | h(x,u) = —ach(x)}

Theorem!!l: Any controller k(x) € K.,¢(x) renders
system safe.

[1] Ames et. al, “Control Barrier Function Based Quadratic Programs for Safety Critical Systems”, IEEE
Transactions On Automatic Control, Vol. 62, No. 8, August 2017
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Example

Consider a double integrator system &
X1 = —Xy
X, = U
and safe set 27
C={x€R?|x; —x, =0}
H_J
h(x) 74 \ T
It can be shown the controller | 2 |
k(x) =x; —2x,— 1
renders system safe since k(x) € Kqpe(x) saf

with a, = 1.
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Example

Consider a double integrator system
X1 = —X;
X'Z =Uu-+ d

where sup|ld(O)|| = [|d|l < 6.

t=0

Consider the disturbance
d(t) = 6sint
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Input to State Safety

Input-to-State Safety (ISSf): If there exists a larger set Cg that
1s forward invariant in the presence of the disturbance, then the
system 1s input-to-state safe. The set C 1s ISST set.
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[SSf-CBF!“]

ISSTf CBF:

2
: L, h
sup h(x,u) > —a h(x) + ” J (X)”
u € R™ €o

h(x,u)
A
ISS{-CBF

1o

2
N T
\ 4 €p

M [2] Kolathaya et. al, “Input-to-state safety with control barrier functions”, IEEE Control Systems Letters,
Vol 3, pp 108-113, 2018.
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[SSf-CBF!“]

ISSf CBF: Theorem!?l: Controller k(x) that
. || Lyh(x) ||2 satisfies ISSf-CBF condition ensures the
sup h(x,u) > —a h(x) + . set Cg is forward invariant (i.e., C is ISSf)
u€ER™ 0

Cs ={xeX|h(x)+y() =0}

h(x,u)
A
ISS{-CBF

1o

2
Ol
\ 4 €p

M [2] Kolathaya et. al, “Input-to-state safety with control barrier functions”, IEEE Control Systems Letters,
Vol 3, pp 108-113, 2018.
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Motivation

Trade-oft:
As ey T > Less conservative
Large expansion

h(x,u)
A X
ISSt-CBF
h(x
« 5
2 <
gl [ oo
v €o ¥ 4a,




Motivation

Controller:

1
kisse(x) = k(x) — E_O

can be shown to satisfy ISSf-CBF condition.

4%332

aCs 2 6

aC
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Tunable ISSt-CBF

The CBF h gives a measure of safet).

On the safe set boundary =2 h(x) = 0
Not very safety critical 2 h(x) > 0

Proposition: Parameterize € with h(x)
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Tunable ISSt-CBF

TISSf-CBEF: The function h is an TISSf-CBF if there exists a

a. > 0 and e: R = R+ such that condition below satisfies

. |Lgh@l
usellgmh(x, u) > —ah(x) + (h(0))
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Tunable ISSt-CBF

TISSf-CBEF: The function h is an TISSf-CBF if there exists a

a. > 0 and e: R = R+ such that condition below satisfies

. |Lgh@l
useuig)mh(x, u) > —ah(x) + (h(0))

We define the point-wise set of controllers:

2
At 0) 2 —aph(e) + L O }

e(h(x))

Ktissf(x) = {u € R™
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Tunable ISSt-CBF

TISSf-CBEF: The function h is an TISSf-CBF if there exists a

a. > 0 and e: R = R+ such that condition below satisfies

2 h(x,u)
' |Lgh (O] A
sup h(x,u) > —a h(x) + —
u € R™ e(h(x)) CBE e
X
We define the point-wise set of controllers: < >
2
: L, h(x)
Kiisse(x) = {u € R™ |h(x,u) = —a h(x) + ”E‘zh(x)y } v

Theorem: Any controller k(x) € K;jsss(x) renders the set Cg

forward invariant (hence C I1SSf set) if 4¢/,4, > 0. Furthermore

h(x))6*
ko, ) = L)

M -
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Example

Controller:

1
kisse(x) = k(x) — m

can be shown kiisoe(x) € Kiissr(X)

L2

Small
expansion

Less

mm—) conscrvative

inside C

0Cs /G tS mo
robust as
aC x o 0C
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Results
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Future Work

* Determine € effectively Applications:
o With a user feedback: Preference- Robotics
based learning!?! —Y

* Incorporate with learning
algorithms (such as RL or
L-CBF!*) to accommodate safe
exploration in the presence of
uncertainty.

* Autonomous vehicles including
lateral dynamics

[3] Tucker et. al, “Preference-Based Learning for Exoskeleton Gait Optimization”, IEEE International

Conference on Robotics and Automation (ICRA), pp 2351-2357, 2020.
[4] Taylor et. al, “Learning for Safety-Critical Control with Control Barrier Functions”, Proceedings of

Machine Learning Research, vol 120, pp 1-10, 2020




Thank you for listening.
Questions?




Input to State Safety!”]

Input-to-State Safety (ISSf): If there exists a larger set Cg that
1s forward invariant in the presence of the disturbance, then the
system 1s input-to-state safe. The set C 1s ISST set.

Let us consider
Cs = {x € X | h(x) +y(8) = 0} X

Notey EK, 2 C c Csford >0

2> C=Csforéd6 =0 > l

M [2] Kolathaya et. al, “Input-to-state safety with control barrier functions”, IEEE Control Systems Letters,
Vol 3, pp 108-113, 2018.
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Input to State Safety

ISSf-CBEF: The function h is an ISSf-CBF if there exists a a €

K& and €5 > 0 such that condition below satisfies

2 h(x,u)
sup h(x,u) > —a(h(x)) + ”Lgh(X)” 4
wepm . ISSf-CBF
We define the point-wise set of controllers: < >
2
) L,h(x)
Kisse(x) = {u € R™ |h(x,u) = —a(h(x)) + g = | } .

Theorem!?l: Any controller k(x) € Kjssr(x) renders the set Cg

forward invariant (hence C ISSf set) for

[2] Kolathaya et. al, “Input-to-state safety with control barrier functions”, IEEE Control Systems Letters,
Vol 3, pp 108-113, 2018.
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Truck Example

Longitudinal motion of a heavy-duty truck
* Preceding vehicle with emergency brake

Both vehicle’s GPS data available

Simple (double integrator) model:
D=v, —v

40
v=u+d
1.]L = ay, 20 -
e A safe set C with a CBF:

h(D,v,v.) =D — D(v,v.) e

vL, (m/s)

Quadratic Program based controller
kqp(D,v,vy) = min{k,(D,v,v;) ks(D,v,v.)}

!

Nominal controller: Provably safe
OVM based Connected controller

I I Caltech Cruise Control
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